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We investigate the electronic states in the antiferromagnetic (AF) phase of electron-doped cuprates
by using numerically exact diagonalization technique for a t-t′-t′′-J model. When AF correlation
develops with decreasing temperature, a gaplike behavior emerges in the optical conductivity. Si-
multaneously, the coherent motion of carriers due to the same sublattice hoppings is enhanced. We
propose that the phase is characterized as an AF state with small Fermi surface around the momen-
tum k=(pi,0) and (0,pi). This is a remarkable contrast to the behavior of hole-doped cuprates.
PACS numbers: 74.25.Jb, 71.10.Fd, 74.25.Ha, 74.72.Jt
High-Tc superconductivity emerges with carrier dop-
ing as insulating cuprates, i.e., Mott insulators. In
electron-doped cuprates such as Nd2−xCexCuO4, an an-
tiferromagnetic (AF) phase remains up to the concen-
tration x∼0.15, in contrast with hole-doped cuprates
such as La2−xSrxCuO4 in which the AF phase dis-
appears with an extremely small amount of x.1 On
the other hand, the superconducting order parameter
of the electron-doped cuprates is the same as that of
the hole-doped ones: Phase-sensitive experiments,2 mi-
crowave measurements3,4, and angle-resolved photoemis-
sion spectroscopy5,6 (ARPES) have reported d-wave sym-
metry. This suggests the same mechanism of supercon-
ductivity in both types of cuprates. In order to clarify
common factors between the two cuprates, it is crucial to
understand the nature of AF phases adjacent to super-
conducting phases and also to find key factors character-
izing the AF phases.
Recently, the charge dynamics for AF samples of
electron-doped Nd2−xCexCuO4 has been measured and a
gaplike feature has been observed in the optical conduc-
tivity σ(ω).7,8 The gap energy increases with decreasing
x from 0.2 eV for x=0.125 to 0.45 eV for x=0.05. Similar
doping dependence is seen in the gap-opening tempera-
ture T ∗ whose energy scale is one order of magnitude
smaller than that of the gap: T ∗∼200 K for x=0.125 and
∼450 K for x=0.05. No similar gap features have been
observed in hole-doped cuprates. Therefore a remarkable
difference of the electronic states between the electron-
and hole-doped cuprates is expected.
In this report, we theoretically examine the electronic
and magnetic properties of electron-doped cuprates and
clarify the nature of the AF phase through comparison
with hole doping. In contrast to other theoretical works9
that are based on approaches from overdoped regions em-
phasizing spin fluctuations as well as Fermi surface nest-
ing, we approach this problem from the Mott insulator
side using a t-J model with long-range hoppings (t′ and
t′′). From previous studies,10,11 it is known that AF cor-
relation strongly survives in the electron-doped t-t′-t′′-J
model upon doping at zero temperature. We find from
finite-temperature calculations for small clusters that,
when the AF correlation develops with decreasing tem-
perature, a gaplike behavior emerges in σ(ω). There is
no such gap structure in the hole-doped t-t′-t′′-J model
where AF correlation is strongly suppressed upon doping.
In addition to the gap feature, a large Drude weight is
obtained in the small cluster, indicating coherent motion
of the carriers. It is also known that a doped electron
at half filling enters into the k=(pi,0) or (0,pi) points in
the t-t′-t′′-J model12 in contrast to a doped hole that
goes into (pi/2,pi/2). The spectral function calculations
indicate that doped electrons continue to occupy around
(pi,0) as long as the AF order persists. Therefore we pro-
pose that the AF phase in the electron-doped cuprates
is characterized as an AF state with small Fermi surface
around (pi,0).
The t-J Hamiltonian with long-range hoppings, termed
the t-t′-t′′-J model, is
H = J
∑
〈i,j〉
1st
Si · Sj − t
∑
〈i,j〉
1st
σ
c
†
iσcjσ
− t′
∑
〈i,j〉
2nd
σ
c
†
iσcjσ − t′′
∑
〈i,j〉
3rd
σ
c
†
iσcjσ +H.c. , (1)
where the summations 〈i, j〉1st, 〈i, j〉2nd, and 〈i, j〉3rd run
over first, second, and third nearest-neighbor (NN) pairs,
respectively. No double occupancy is allowed, and the
rest of the notation is standard. In the model, the dif-
ference between hole and electron carriers is expressed
as the sign difference of the hopping parameters:10 t>0,
t′<0, t′′>0 for hole doping and t<0, t′>0, t′′<0 for elec-
tron doping. The ratios t′/t and t′′/t are estimatied to be
−0.34 and 0.23, respectively,13 although they are mate-
rial dependent.14 Here J/|t| is taken to be 0.4. In order to
examine the model, we use numerically exact diagonaliza-
tion methods for small-size clusters with N=
√
20×√20
and 4×4 sites. A standard Lanczos techunique is em-
ployed at T=0, and for T>0 a finite-temperature Lanzos
method15 is used.
Let us start with a single carrier in the Mott insu-
lators. The energy dispersion of the carrier is approxi-
mately given by16
1
E(k)= 0.55J (cos kx + cos ky)
2
+4t′eff cos kx cos ky + 2t
′′
eff (cos 2kx + cos 2ky) . (2)
The first term on the right-hand side is a contribution
from t and J terms giving a dispersion from k=(0,0) to
(pi,pi) with a width of 2.2J and a flat dispersion along
the (0,pi)-(pi,0) direction. The second and third terms
represent contributions from t′ and t′′, respectively, with
effective values t′eff and t
′′
eff proportional to the bare
hoppings. Along the (0,pi)-(pi,0) direction, the degen-
eracy in the first term is lifted by the last two terms.
When the carrier is a hole, the (pi/2,pi/2) point has the
lowest energy. This means that a doped hole goes into
(pi/2,pi/2). On the contrary, a doped electron enters into
(pi,0) or (0,pi) when the proper signs of t′ and t′′ are taken
into account. In other words, the band edge of the lower
Hubbard band is at (pi/2,pi/2), while that of the upper
Hubbard band is at (pi,0).12,17 It is important to notice
that the energy gain due to the t′ and t′′ terms contains
information on spin background.13 Here t′ and t′′ do not
change spin configuration because of the same sublat-
tice hoppings. Therefore the second and third terms in
Eq. (2) are a good measure of the energy of a Ne´el-type
spin configuration with a single carrier. Along the (0,pi)-
(pi,0) direction, the maximum value of the energy gain
due to the terms for a hole is −4|t′′eff | at k=(pi/2,pi/2),
while that for an electron is−4(|t′eff |+|t′′eff |) at k=(pi,0).
The Ne´el-type spin configuration is thus more stable in
the single-electron ground state than in the single-hole
ground state, resulting in strong AF correlation for elec-
tron doping.
The AF correlation remains strong in the underdoped
region of the electron-doped t-t′-t′′-J model.10,11 Fig-
ure 1(a) shows staggered spin correlations at T=0 cal-
culated for a
√
20×√20 cluster with periodic boundary
conditions (PBC’s). The correlation function is defined
as CS (r) = 〈P (r)SzrSz0〉, where Szr is the z component of
the spin operator at site r, and P (r) is 1 when site r and
site 0 are in the same sublattice and it is −1 otherwise.
In the case of two electrons in the cluster (the concen-
tration x=0.1), the AF correlation remains strong at the
farthest site, indicating the presence of AF long-range or-
der. With further doping of electrons (four electrons and
x=0.2), the AF correlation becomes as weak as those for
hole doping.
We next examine how the AF spin correlation influ-
ences charge dynamics. The real part of optical conduc-
tivity [σxx(ω)=σ(ω)] is given by the sum of the singu-
lar part (the charge stiffness constant or so-called Drude
weight D) and regular part: σ (ω) = 2pie2Dδ(ω) +
σreg (ω). Here σreg(ω) at T=0 for the
√
20×√20 t-t′-t′′-J
cluster is shown in Fig. 2. The spectrum for electron dop-
ing with x=0.1 exhibits a large gap structure with ω/t∼2
in contract to the hole-doped t-t′-t′′-J model. This gap
is very sensitive to not only J but also t′ and t′′: With
increasing the absolute values of t′/t and t′′/t, the gap
increases in energy. This implies that the gap is closely
1 2 3
0.00
0.04
0.08
1 2 3
-0.04
0.00
0.04
0.08
0.12 N=20          electron   hole
x=0.1      
x=0.2      
(a)
r
 
C
s(r
) a
t T
=0
 T=0
 T=0.2t
 T=0.3t
 T=0.4t
electron
x=0.125
N=16(b)
 
r
C
s(r
)
FIG. 1. Staggered spin correlation Cs(r) between spins at
site r and site 0. (a) Cs(r) at T = 0 for a N=
√
20×√20
t-t′-t′′-J cluster with two (x=0.1) and four (x=0.2) carriers.
J/|t|=0.4, t′/t=−0.34, and t′′/t=0.23. Squares and circles
denote electron and hole dopings, respectively. (b) Cs(r) at
various temperatures for a N=4×4 t-t′-J cluster with two
electrons (x=0.125).
related to the presence of AF order, since the increase of
t′/t and t′′/t stabilizes the AF order. The gap is thus
characterized as an excitation from the AF ground state
to an excited state where wrong spin bonds are created
by the motion of electrons. We note that incoherent ex-
citations above the gap are physically the same as those
discussed in the context of single-hole motion in the Mott
insulator.18 With increasing carrier concentration from
x=0.1 to x=0.2, the spectral weights shift to the lower-
energy side and thus the gap value for electron doping
decreases, being consistent with the reduction of AF cor-
relation shown in Fig. 1(a).
The AF correlation for electron doping is expected to
weaken with increasing temperature. We thus exam-
ine the temperature dependence of spin correlation and
charge dynamics. In the calculations, we employ a 4×4
cluster with two holes or two electrons (x=0.125) with
PBC’s. Here t′/t is set to be −0.4, and the t′′ term is
excluded because the cluster is too small to include hop-
pings connecting sites with two lattice spacing. In a small
system, there is a characteristic temperature below which
finite-size effects are appreciable. This temperature is
roughly proportional to an average level spacing in the
low-energy sector15 and thus ∼0.2t in our system. Fig-
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FIG. 2. Regular part of optical conductivity σreg(ω) at
T=0 for a N=
√
20×√20 t-t′-t′′-J cluster. (a) Hole doping
and (b) electron doping. Solid and dashed lines represent
the carrier concentration of x=0.1 and x=0.2, respectively.
J/|t|=0.4, t′/t=−0.34, and t′′/t=0.23. Delta functions are
broadened by a Lorentzian with a width of 0.1t.
ure 1(b) shows the temperature dependence of Cs(r) for
electron doping. As expected, the AF correlation rapidly
decreases with increasing temperature above T=0.2t.
Figures 3(a) and 3(b) show the temperature depen-
dence of σ(ω), where both the Drude and regular parts
are plotted with the same broadening factor of 0.1t. In
the hole-doped case, anti-PBC’s are adopted along one
of the two directions to give a ground state with an ab-
solute energy minimum. σ(ω) is obtained averaging the
two cases (anti-PBC’s along the x direction or along the
y direction). σ(ω) for hole doping exhibits a broad dis-
tribution of the spectral weight in a wide energy range
with small temperature dependence. In contrast, with
decreasing temperature from T=0.4t to 0.2t, a clear pseu-
dogaplike feature develops for electron doping at ω/t∼1
together with a peak structure at ω/t=1.6. The pseudo-
gap is correlated with the development of AF order. This
confirms a picture discussed above that the gap is caused
by the presence of the AF order stabilized by long-range
hoppings of carriers. We also note that the temperature
at which the pseudogap feature develops is almost one
order of magnitude smaller than the gap energy. This is
consistent with experimental data reported recently.8
In addition to the gaplike feature, a large Drude contri-
bution is observed near ω=0 in contrast to the hole-doped
case. The Drude weight can be calculated from the sum
rule of σ(ω),
D = − K
2N
− 1
pi
∫ ∞
0
σreg (ω)dω , (3)
where K=〈τxx〉, τ being the stress tensor operator. In
the inset of Fig. 3(b), D and K are plotted as functions
of T . Here D is enhanced below T /t∼0.4 for electron
doping. This is accompanied by an increase of K which
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FIG. 3. Temperature dependence of optical conductiv-
ity σ(ω) of (a) a hole-doped t-t′-J model and (b) an elec-
tron-doped t-t′-J model for an N=4×4 cluster with two car-
riers (x=0.125). Here J/|t|=0.4 and t′/t=−0.4. A damping
factor of 0.1t is introduced both the Drude and regular part
of σ(ω). The inset shows the temperature dependence of D
(Drude weight) and K which is roughly proportional to the
kinetic energy. Solid and dashed lines correspond to electron
and hole dopings, respectively. Solid and open squares (cir-
cles) denote D and K at T=0 for electron (hole) doping.
reflects an increase of the kinetic energy. Finite Drude
weight at T=0 is generally a characteristic signature of
a metallic state. At T>0, one would expect D=0 in the
thermodynamic limit of t-J-type models because there
exist scattering processes which prevent the coherent mo-
tion of carriers. Therefore finite D at T>0 obtained from
small systems does not necessarily mean a persist current
in macroscopically large systems.15 However, it may be
reasonable to regard the finite D observed in our cluster
as an indication of a tendency toward a metallic state,
because the mean free path for the coherent motion of
carriers is, at least, larger than the system size. It is easy
to understand the physical origin of such metallic behav-
ior. Below T /t∼0.4=J , the AF correlation increases and
AF order is established with the help of t′ and t′′. At the
same time, by using t′ and t′′, electron carriers can move
in the same sublattice without being disturbed by sur-
rounding spins. This hoping process induces finite D. In
contrast, the spin background for hole doping is strongly
disturbed. Therefore hole carriers are easily scattered by
spins, resulting in small D at finite temperature even in
our small cluster as shown in Fig. 3(c).
The spectral function A(k, ω) also provides useful in-
formation on the electronic states. Figure 4 shows
A(k, ω) at T=0 in the electron-doped
√
20×√20 t-t′-t′′-
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FIG. 4. Single-particle spectral function A(k, ω) of the
electron-doped t-t′-t′′-J model for a
√
20×√20 cluster. (a)
Two electrons (x=0.1) and (b) four electrons (x=0.2). Here
J/|t|=0.4, t′/t=−0.34, and t′′/t=0.29. Thick and thin curves
represent the electron-removal and -addition spectra, respec-
tively, where a Lorentzian broadening with a width of 0.2t
is used. The vertical dotted lines denote the position of the
chemical potential. The momentum is measured in units of
pi. The dashed line in (a) is a guide to the eye. (c) and
(d) show the momentum distribution function n(k) for x=0.1
and x=0.2, respectively. The size of solid circles represents
the magnitude of n(k).
J cluster. At x=0.1, a large spectral weight exists at
k=(pi,0) in the electron-removal function. This is a rea-
sonable result because a doped electron at half filling en-
ters into the (pi,0) point as mentioned above. Since doped
electrons are mostly accommodated at (pi,0) and (0,pi) as
seen in the momentum distribution function n(k) shown
in Fig. 4(c), it is natural to expect an electron pocket
showing a small Fermi surface (FS) around k=(pi,0). We
note that a small amount of spectral weight exists be-
low the Fermi level at (0,0), (0.4pi,0.2pi), and (0.2pi,0.6pi).
At x=0.2, doped electrons almost enter into momentum
points inside an expected large FS. Reflecting the large
FS, the energy of the (pi,0) quasiparticle becomes deep
as compared with that at x=0.1.13 This doping depen-
dence is a great contrast to that in the hole-doped t-J-
type models where a doped hole at half filling enters into
(pi/2,pi/2) and at x∼0.1 a large FS is already formed.19
The paring correlation of doped electrons with d-wave
symmetry is enhanced when long-range hopping t′ with
positive sign corresponding to electron doping is intro-
duced into the t-J model.20 This is accompanied by an
enhancement of the AF correlation. We speculate that
the AF correlation exceeds the paring correlation near
half filling; i.e., the AF order overcomes the supercon-
ducting order. With increasing electron concentration,
the AF correlation weakens and finally the paring cor-
relation may become dominant, resulting in a transition
from AF to superconducting order as observed experi-
mentally. An important point is that the transition may
be accompanied by a topology change of the FS from a
small surface to a large one as discussed above.
In summary, we have investigated electronic states in
the AF phase of the electron-doped cuprates and clarified
the nature of the AF phase by employing a numerically
exact diagonalization technique for the t-t′-t′′-J model.
AF order develops with decreasing temperature with the
help of long-range hopping t′ and t′′. Simultaneously, a
gaplike behavior emerges in σ(ω). There is no such a gap
structure in the hole-doped t-t′-t′′-J model. In addition
to the gap feature, a large Drude weight is obtained in the
small cluster, suggesting coherent motion of the electron
carriers. From examination of the spectral function, we
propose that the AF phase in the electron-doped cuprates
is characterized as an AF state with small Fermi surface
around k=(pi,0) and (0,pi). ARPES experiments in the
AF phase are desired in order to detect the small Fermi
surface.
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